We use Pure Spinor String Theory to construct suitable building blocks to arrange the structure of supergravity amplitudes with n-points and at higher loops in a very convenient 
Introduction
Recently, a new method to compute super-Yang-Mills (SYM) amplitudes as a limit of string theory amplitudes within the Pure Spinor String Theory has been proposed by Carlos Mafra [1] . The building blocks obtained from the OPE among the pure spinor string vertices are taken in the particle approximation (zero mode expansion). Then, using the zero mode saturation rules for the amplitudes one can select the non-vanishing ones. Moreover, the same rules also imply that the BRST-exact combinations drop out of the amplitudes. So, performing a study of the cohomology of those building blocks, a novel decomposition of the SYM amplitudes is proposed. It matches the tree level computations in [2] , pointing out some similarities and interesting relations among the amplitudes [3, 4] .
Afterwards, Mafra et al. in [5, 6] established a recursive formula simplifying the comparison with higher point amplitudes computed in the traditional way. This reorganization of diagrams, inspired by string theory, is very elegant and efficient, and it might shed some light on the relation between the perturbative expansion of SYM and SUGRA. 3 Further developments can be read in [9, 10] and a complete analysis of string theory amplitudes and their reduction to field theory in pure spinor language is contained in papers [11, 12] .
Until now, only SYM amplitudes have been considered, but also the supergravity amplitudes require a parallel analysis in terms of corresponding building blocks which may render the factorization of amplitudes in terms of open string building blocks apparent. In the present work, we apply the same technique to the supergravity limit of superstrings.
We provide the ingredients for the analysis along the lines of [1] and we see that there are relevant differences. We analyze the amplitudes using these new building blocks.
Our goal is to study the factorization of the supergravity amplitudes into SYM amplitudes [2, 13] . In that respect, we refer to [13] where a complete and clear discussion on the factorization at tree level and at higher loops is provided. In particular, the view of gravity theory as the "square" of gauge theories is emphasized. For that, we start from the factorized form of the vertices and we construct the building blocks, their BRST variations, the amplitudes and some relations. In addition, we derive some general theorems which do not take into account the factorized form of the vertices and we compute the 4-and 5-point functions. As pointed out in [5, 6] in order to evaluate higher point amplitudes new building blocks are needed. For 4-point functions one needs only two ingredients, but then by increasing the number of topologies and the number of external legs, one needs new emergent structures. We first discuss the building blocks for 4-point functions, their BRST variations (a complete cohomological analysis should follow from work [11, 12] ) and their relations. We discuss some relevant issues such as the labeling of closed building blocks in terms of the factorized form. Then, moving towards 5-point functions we show that new structures are indeed needed and their BRST variations call for these new objects in order to guarantee the closure of the BRST algebra.
In sec. 2, we briefly review Mafra's analysis of open string building blocks. In sec. 3, we derive closed string building blocks for supergravity amplitudes, we analyze their BRST transformation rules, the factorization and those building blocks that do not factorize.
In sec. 4, the pole structure, the form of the amplitudes and the kinematic factor are discussed. In sec. 5 we review SYM amplitudes and, finally, in sec. 6 we compute supergravity amplitudes and we discuss the factorization properties. In app. A the BCJ relations for closed amplitude are discussed.
Open String Building Blocks
In this section we give a brief description of the open string building blocks. According to Mafra [6] we need two different types of superfields: the bosonic ones, E, with ghost number 2, and the fermionic ones, M, with ghost number 1.
They are derived from the unintegrated vertex operator V i with the integrated one U i (the index i labels the background fields appearing in the vertex operator) by considering their short distance expansion
The new superfield T ij is a fermionic ghost number 1 vertex which depends upon the gluon polarization, the gluino wave function and upon the momenta k i and k j of the lines i and j of an amplitude. Acting on both sides of (2.1) with the BRST charge, we get
where s ij = k i · k j is the first Maldestam invariant. Defining M i ≡ V i , we can construct the E's and the M's using the following relations:
3) 
M ij is clearly related to the superfields T ij by
is governed by the superfield T ijk , in terms of which we write the M ijk ; first of all, one 5) then, since the superfield T ijk satisfies the following relations [11, 12] :
a short computation shows that
has the desired properties if s ijk = 0. Proceeding this way, it is possible to reconstruct the tower of M's and and E needed in order to build n-point amplitudes for open strings.
Closed String Building Blocks
We repeat here a similar construction for closed string building blocks, pointing out the differences with the open string case and their common features.
The vertex operators in closed string theory are classified in terms of the ghost number and the conformal weight. We work in a factorable background for which we can keep the (anti)-holomorphicity manifest at every stage. This guarantees the factorization of the vertex operators if the polarizations of the background fields are factorized. So, we have the following set of vertices
momentum, we set Ω
. Therefore, this closed string vertex operator depends upon the background fields where I denote the pair (iu) and J the pair (jv). In the following, we exhibit some expressions which do not rely on the factorization of the vertices and which may be writable only in terms of the indices
A remark: if we define the closed string vertex operator Ω
tensoring left-and right-movers, we have the following identities
Some other relations among the building blocks of Mafra et al.'s construction follow from this idea.
BRST Variations
We derive the BRST transformations of the closed string theory building blocks. First we present the derivation based on the factorized form of the vertices (and this allows us to determine some useful relations among the building blocks) and then we provide the BRST variations in terms of the compact expressions.
Factorized Building Blocks
For closed string we use the following building blocks 5) which are written in terms of factorized expressions
The variations under BRST Q L and Q R of (3.5) are
and
Moreover, the following identities hold
These relations are useful for constructing the amplitudes. Furthermore, to compute the BRST variations of the amplitudes we have to take into account also the following relations
which can be easily deduced given the definitions (3.6).
Non-factorized Building Blocks
Now, we give the same expressions in a more compact way. We have the following building blocks
which transform as follows
For non-factorable building blocks, in order to prove the BRST invariance, we have to do something more since we need to explore some relations among the building blocks, which appear to be trivial in the factorized form but not in the non-factorized form. By considering the short distance expansion of Ω
from which we deduce that
which turns out to be fundamental in the following. Also the complex conjugate equation is valid.
Non-factorized Higher-Point Bulding Blocks
These equations are sufficient for the 4-point functions, but for the 5-point functions one needs additional building blocks. Here we give them with their variations
where
IJK is defined as follows
which, by consistency, transform as follows
In the following, we show how these building blocks are used in the construction of 5-point functions. As in SYM case, adding a new external leg implies new structures to be considered.
Pole Structure, Amplitudes and Kinetic Factors
Here, we discuss different types of structures appearing in the amplitudes. In particular, we consider the following structure for the n-point amplitude
The sum is extended over all possible diagrams at a given loop order for the amplitude 
If n α represents the physical amplitudes they must be well defined in terms of BRST invariant building blocks and this can be checked applying directly the variations of expression N α inside of the angular brackets in (4.2).
The variation of the building blocks T i 1 ...i n is proportional to s i 1 ...i n and they cancel with the poles in (4.1). Notice that, for a given loop order, the number of propagators s i α is fixed for each diagram and therefore the possible types of building blocks are also fixed. Therefore, only combinations of (4.2) with rational numbers are needed in order to obtain BRST invariant quantities. If we insist on having a BRST combination of n α , independently of the pole structure, we have, for each independent invariant s ij , an independent equation.
A general form for N α , for an n-point function at tree level, can be established
Since the total ghost number must be 3 for tree level and since all building blocks have ghost number +1 we have at most three structures. They also have to match the number of points of the amplitude, namely the number of indices i 1 , . . . , i n must be n, and they should be suitably distributed into the different building blocks. For example, for a 6-point functions, we could have
and so on. In principle, we could not exclude any of them. 4 Notice that we have to remove those terms which are BRST exact: all possible expressions with ghost number 2 which could cancel the BRST closed amplitudes.
However, since we are looking at expressions with ghost number 3, the BRST exact have ghost 2, but in addition we have ghost-for-ghost expressions which remove some of the BRST exact terms and they have ghost number 1. So, we are looking for cohomologies of the following types
Notice that we do not have any ghost-number zero quantity and therefore the ladder of quantities stops at N
α . In addition, for any n-point amplitude always exists a structure T
For constructing the closed amplitudes we can replace c α and n α with the two integrand for the left-and right-movers, which we are going to denote N α L and N α R and the expression for the amplitude becomes
Again, we can apply the above considerations to derive the BRST invariant amplitudes.
Here we have to notice the main difference with the open string amplitude: the cohomologies involved in computation are of the following type: α L , we solve the cohomology
which is different from the equation above in the fact that the BRST variations of the various terms must cancel the poles in the denominator. In the reference-list papers, only the first type of cohomologies are computed.
Open Amplitudes
For the 4-point functions 5 , we start from the ansatz
Requiring BRST closure, we get the condition
The coefficients α Actually we are not interested in all the tensors deriving from the above diagrams, because we only need those in which all the indices take different values (different legs are labeled by different numbers). Hence we have to evaluate the dimension of the diagrams with no repetitions, rather than that of the usual ones. This can be done by noticing that, taking this condition into account, the dimension of the totally symmetric diagram is the same of the totally antisymmetric one, the others following as usual. For instance,
which, in the case of four external legs, have dimensions 1, 1, 3, 3 and 2 respectively. 
which is non zero since the coefficients α [ij] [kl] are antisymmetric in the exchange of the pairs of indices, so that we can conclude that there are two independent amplitudes. Indeed, the expressions T
kl are anticommuting and s ij = s kl . Let us move to 5-pt function. We know that the amplitude can be written in terms of the T ij blocks as:
where the coefficient α is antisymmetric in the exchange of ij, kl and of the couples ij with kl. Therefore it belongs to the following representation 
so that the term corresponding to , which has dimension 6, vanishes. Then, we can ask whether this amplitude is BRST exact. This is only possible if we use the additional building block T
ijk whose BRST variation is given in (2.6). Indeed, we have
Notice that we can rewrite (5.4) using T ijk (or better using M ijk ) by the following identity
which is possible since we sum up over all possibilities. This means that we can cancel only some combinations of the diagrams and and the remaining ones are indeed element of the cohomology.
We have to clarify the relation between (5.1) and the expressions given in Mafra's paper. Indeed, he found that there are 3 non-trivial BRST invariant amplitudes for 4-pt function. They are labeled as follows A (1, 2, 3, 4) , A(1, 3, 2, 4) , A (1, 4, 2, 3 ). This means that we are making a specific choice of the coefficients α [ij] [kl] which reads
With this ansatz, we find that
(1, 2, 3, 4) = A(1, 2, 3, 4) − A(1, 3, 2, 4) (5.8)
As discussed above, we have to study another cohomology, namely the cohomology for kinetic terms to be used for closed amplitudes. this can be achieved by starting from a different ansatz of the form
where we changed the pole structure such that the variation has no pole in s. It can be easily checked that it exists a solution for the coefficients α
and α
which is independent of s ab .
Closed Amplitudes
For closed amplitudes, we have a similar situation. A generic ansatz for 4-point functions is
The BRST closure yields two solutions: β IJKL = α (IJ)(KL) , with a generic α (IJ)(KL) , and
. In the first case we can rewrite the amplitude as a trivial expression as
which drops out of the computation, while the second case gives the following non-trivial
where we have reconverted the polarizations of the entering particles as pairs of indices ij, kl, uv, wz. We have used the above relations to simplify the expression of the amplitude. It can be checked that acting with Q L and Q R , respectively, N clos 4 ij, uv, kl, wz is invariant and it cannot be written as a BRST variation.
For 5-point function, we have the following ansatz
Imposing Q L and Q R invariance we get α = γ, β = 0 and δ = −ǫ, and α = −δ, β = 0 and γ = −ǫ respectively. These equations have two different solutions: on one hand α = γ = −δ = ǫ and β = 0; on the other hand α = γ = δ = ǫ = 0 and β
The first solution implies that the final form of the amplitude can be written as
and, in turn, it can also be written as a BRST exact expression of the form
Again, summing up all possible terms, the amplitude is BRST exact. This tells us that we can extract a BRST invariant amplitude by choosing a single term in (6.6) selecting for example the coefficient to be α
e . However, the second solution, namely β ((IJ)(KL))M + β ((IJ)(M L))K = 0 leads to the physical amplitude.
In the following section, we will provide the complete expression written in terms of nicer invariants.
Remarks: notice that the expression for the closed amplitude as in (6.6) 
4-point Closed String Amplitude
In this section we build 4-point closed string amplitude using the method explained in [2] , which we briefly recall: any scattering amplitude for open string can be decomposed as a sum over graphs (labeled by index α):
where c α is the color factor and n α is the kinematic factors for the graph α. The BCJ duality proposes that, for any set of three graphs α 1 , α 2 and α 3 related by a color Jacobi identity, there is a corresponding relation involving only the kinematic factors. Inspired by this fact, one can decompose the amplitudes in a dual way:
where σ labels all non-cyclic permutations of the external legs and A dual (σ) denotes the amplitude decomposed in terms of kinematical factors and not in terms of color factors.
Assuming BCJ duality to be true, a proposal for the closed string amplitudes is [2] :
In order to show how this proposal works, let us evaluate A , we have to identify the n ij(kl) kinematic terms. This is an easy task, since
The n's obey the Jacobi-like identity n 12(34) − n 23(41) − n 42(31) = 0 , which can be deduced from the fact that the combination of the following kinematic terms
is Q-exact. The kinematic numerators n j are needed in order to obtain the building blocks of the closed string amplitude, the kinematic dual terms τ j which are given by the definition
The τ 's enjoy a number of properties: first of all, the same cyclic property of the color traces
). Second, some of them are related by the Kleiss-Kuijf identities [17] τ 1{α}p{β} = (−1)
where {α} and {β} are any subset of indices, |β| is the number of elements of the set {β}, {σ} is an element of the set of ordered permutations OP ({α}, {β T }). Using the above relations, it is possible to show that, in the case of 4-point functions, only 2 different τ 's are independent, and we choose them to be τ a = τ (1234) and τ b = τ (1342) . Eq. (6.10) can obviously be inverted, to give the τ 's in terms of the n's:
Equipped with the dual kinematic terms, we can now rewrite the amplitudes as
and the 4-point closed string amplitude, after some manipulation, turns out to be (σ now labels all the in-equivalent permutations)
The Q-closure of the above amplitude can be deduced from the fact that, by construction,
and, while the first expression is clearly closed under the action of Q R , the second is closed under Q L , so that the whole amplitude is closed under the action of Q = Q L + Q R .
5-point Supergravity Amplitudes
In analogy to what has been done in the previous subsection, we now construct 5-points closed string amplitude A 
The kinematic dual terms τ are defined as in (6.10) to be
Again, not all the τ 's are independent, since they are constrained by Kleiss-Kuijf relations.
There are two classes of KK relations, depending on the choice of the "pivot" index p of formula (6.11)
for any choice of {i, j, k, l}. Using those relations it is possible to show that only 6 τ 's out of 24 are independent, and that the following equation, relating back the τ 's with the n's is true
In order to write up the amplitudes it is convenient to set up the following notation: we denote by f a (s) with a = 1, . . . , 15 the quadratic combinations of momenta of the different channels in the 5-point amplitudes. They are algebraically related to the six independent momenta needed to parametrize the amplitudes completely. In addition, we introduce the partial amplitudes ω L a and ω R a defined by the following linear combinations Moreover, (6.16) is Q-closed, as can be shown upon use of
where τ ijklm = T ijklm .
Conclusions
Here, we take the first steps towards a complete analysis of supergravity amplitudes using pure spinor building blocks as inspired by Mafra's work. We construct the closed string theory building blocks and we compute the amplitudes in terms of those. We discuss the factorization properties. Nevertheless, there are several open issues than can be tackled in the present framework, but it is interesting to see how well these structures fit into the decomposition of the amplitudes taking into account the supersymmetric invariance of the underlying string theory model (a very similar analysis has been performed by the authors of [18] ). Higher point and higher loop amplitudes will be discussed elsewhere.
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(1,1) kw .
So, finally we can conclude that the generalized BCJ relations can be written as
ijk|uvw .
